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Abstract. In this paper a novel explicit and unconditionally stable numerical algorithm is
introduced to solve the inhomogeneous non-stationary heat or diffusion equation. Spatial
discretization of these problems usually yields huge and stiff ordinary differential equation
systems, the solution of which is still time-consuming. The performance of the new method
is compared with analytical and numerical solutions. It is proven exactly as well as demon-
strated numerically that the new method is first order in time and can give approximate
results for extremely large systems faster than the commonly used explicit or implicit meth-
ods. The new method can be easily parallelized and it is handy to apply regardless of space
dimensions and grid irregularity
Mathematical Subject Classification: 65L04, 65N40, 80M25
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1. Introduction
It is well known that the simplest Fourier-type heat conduction phenomena are de-
scribed by the heat equation, which is a second-order parabolic partial differential
equation (PDE), with the following form.
∂T
∂t
= α∇2T + q ,
where α = k/(cρ) > 0 is the thermal diffusivity, q, k, c and ρ ares the volumetric
intensity of heat sources (radiation, chemical reactions radioactive decay, etc.), heat
conductivity, specific heat and (mass) density, respectively. This equation describes
heat conduction in solid materials, not only in the walls of residential buildings but in
different kinds of technical equipment like chimneys, heat exchangers and electronic
circuits as well.
The PDEs for real-life problems can rarely be solved analytically. The new nu-
merical procedure starts like the standard method of lines: the whole spatial domain
is divided into smaller cells. However, this discretization must reflect the material
properties of the system, thus we perform it more generally than numerical analysis
textbooks usually do. We calculate three quantities for each cell. The first one is
the heat capacity of the cell: C = cm = cρV , where m is the mass, V is the volume
c©2020 Miskolc University Press
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of the cell. Now the (thermal) energy of a cell can be expressed as CiTi, where Ti
is the average temperature of the cell. The second quantity is the heat or thermal
conductance U , which can be approximated as
Uij ≈ kAij
dij
,
where Aij is the surface area between the two cells i and j, while dij is the dis-
tance between the centres of the cells. In a one dimensional non-uniform grid,
dij = (∆xi + ∆xj) /2. The third quantity is Qi, the heat source term:
Qi =
1
Vi
∫
Vi
qdV , in
[
K
s
]
units .
After the discretization of the second spatial derivatives according to the most
common second order central difference formula, we obtain an ordinary differential
equation (ODE) system which gives the time derivative of each cell’s temperature
dTi
dt
=
∑
j=neigh
Uij
Ci
(Tj − Ti) +Qi ,
where the summation is carried out for the neighboring the cells. We can write it in
a matrix form:
d~T
dt
= M ~T + ~Q . (1)
To help the reader visualize, we present the arrangement of the variables in Figure 1
for a 2D system of 3 cells.
Figure 1. Notations in the case of three cells. The outer double line
represents thermal isolation. Note that the shape and arrangement
of the cells are not necessarily regular.
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The ODE system in a matrix form for this small system:
d~T
dt
=

−U12
C1
− U13
C1
U12
C1
U13
C1
U12
C2
−U12
C2
− U23
C2
U23
C2
U13
C3
U23
C3
−U13
C3
− U23C3
 ~T +

Q1
Q2
Q3
 .
Suppose now that one quickly needs approximate results about the temperature
distribution as a function of time in an extremely large and complicated system, where
the physical properties of the material like the specific heat and the thermal diffusivity
widely vary from point to point. In this case the size of the matrix is huge, while the
magnitude of the matrix elements and that of the eigenvalues has a range of several
orders of magnitude, which means it is an extremely stiff system. Which method can
be recommended to solve this problem?
It is widely believed that conventional explicit methods are inappropriate because
of unacceptably small timesteps due to stiffness [1, 2]. That is why implicit methods
are almost exclusively used in the industry [3], as they have excellent stability prop-
erties. The famous book of Hairer and Wanner [4] even devotes a separate, second
volume to stiff (and differential-algebraic) problems, where they almost exclusively
deal with implicit methods. The disadvantage of the implicit methods is that they
require the solution of an algebraic equation system at each time-step, predominantly
by iterative methods, which is slow because of the necessity to store and handle
huge matrices. Moreover, parallelization of implicit methods is not straightforward,
although some moderate progress has been achieved [5–7]. However, as the clock
frequency increase of CPUs has significantly slowed down in the last two decades,
parallel programming has become the dominant paradigm in high performance com-
puting [8]. The easily parallelizable explicit methods with better stability properties
like Runge–Kutta–Chebyshev, ADE (Alternating Direction Explicit), Hopscotch or
Dufort-Frankel methods are very rarely used, as they usually have other disadvan-
tages: they can hardly be applied for irregular grids, they can be rather inaccurate,
complicated to implement, or they can only be conditionally consistent [2, 9–13].
We have to conclude that conventional methods provide no convenient solution. In
order to fill this gap and solve these systems more effectively, we started to elaborate
a family of fundamentally new explicit methods. The simplest version for transient
problems (i.e. when q ≡ 0) has already been published [14]. The version of the
algorithm and the logic by which we obtained that algorithm was not suitable for
further work, i.e. for the generalization of the method. Moreover, [14] contains no
verification by comparing the results to analytical solutions, and the proof for the
rate of the convergence is presented only in the current paper. The numerical results
presented here are for a larger and stiffer system than those shown in [14].
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2. The proposed method
Now we introduce the core method to solve the ODE system (1) through the
following two steps:
1. We make a simplification: when we calculate the new value of a variable Ti, we
neglect the fact that other variables are also changing during the timestep. This
means that we consider Tj a constant if j 6= i, thus we can call it “constant-
neighbour method”, abbreviated by CN. So we have to solve uncoupled, linear
ODEs:
T ′i = ai − Ti/τi (2)
where
ai =
∑
j 6=imijT0,j +Qi
is considered as a constant. We also introduce
τi = − 1
mii
=
Ci∑
j=neigh Uij
,
which is a time-constant for the cells, while T0,j is the initial temperature.
2. The equations obtained are solved analytically. The analytical solution of
equation (2) is given by
Ti(t) = T0,i e
− tτi + aiτi
(
1− e− tτi
)
.
Thus the following simple formula is proposed to obtain the values of T at the
end of the first timestep using the values of T0,i only at the beginning of the
timestep:
Ti(h) =
{
Tibe
− hτi +
∑
j=neigh UijT0,j∑
j=neigh Uij
(
1− e− hτi
)}
+Qiτi
(
1− e− hτi
)
. (3)
Using the identity ex = 1 + (ex − 1) and the definition of τ , we can write
(3) into the following form
Ti(h) = T0,i +
{
mii
T0,i
mii +
∑
j 6=imijT0,j
mii
+
Qi
mii
}(
emiih − 1) =
= T0,i +
(∑
j
mijT0,j +Qi
) emiih − 1
mii
.
Now one can see that this algorithm looks similar to the explicit Euler method,
which would give:
~T (h) = ~T0 + h
(
M ~T0 + ~Q
)
,
New stable, explicit, first order method for the heat equation 7
which shows than in our case
(
emiih − 1) /mii stand for h. Using the power
series of the exponential function, we can write
(
emiih − 1) /mii = h+miih2
2
+ ...
which means that, regarding one timestep, the new method is identical to the
explicit Euler method up to first order. However, because of the exponential
terms, formula (3) contains h up to infinite order, which is crucial for the
unconditional stability.
The first two terms on the right hand side of (3), in curly brackets describe
the transient process. As physically justifiable, the temperature of each cell
exponentially tends to the temperature of its neighbors: the new value of the
variable Ti is the weighted average of the old value of Ti and its neighbors
Tj . It is easy to see that the coefficients of the initial temperatures T0,j are
non-negative and the sum of them is 1. That is why the result is always
bounded: the method cannot be unstable for the heat conduction equation.
It is also obvious that the new method is explicit, one can calculate the new
values without solving a system of equations or even without using matrices.
It also implies that the process is obviously parallelizable and hopefully even
vectorizable. Moreover, it can be easily applied regardless of the number of
space dimensions, grid irregularity or inhomogeneity of the heat conduction
medium. To examine the performance of the method, several numerical tests
have been made, but here we present only two different examples.
3. Verification: comparison with an exact result
If there are only two variables and one heat source, equation (1) has the following
analytical solution
T1(t) = T0,1 exp (−t/τ) + Ta (1− exp (−t/τ)) + St+ Sτ C2
C1
(1− exp (−t/τ)) ,
T2(t) = T0,2 exp (−t/τ) + Ta (1− exp (−t/τ)) + St− Sτ (1− exp (−t/τ)) ,
where
τ =
C1C2
U (C1 + C2)
, Ta =
T0,1C1 + T0,2C2
C1 + C2
and S =
Q1
C1 + C2
are the common time constant, the final temperature without external source (weighted
average of the initial temperatures) and the common increment of the temperatures
due to the Q1 source in one time unit, respectively.The results obtained by the new
method fit the exact values very well at the final time tfin. An example for the errors
as a function of the stepsize is presented in Figure 2. Error here means the absolute
value of the difference between the exact temperature and the temperature obtained
by the new method
∣∣T ex(tfin)− TCN(tfin)∣∣.
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Figure 2. Absolute value of errors as a function of the timestep size
for U = 0, C1 = 5 C2 = 1, T01 = 10, T02 = 0, Q1 = 8 and tfin = 1.
Diff1 is for the first, Diff2 is for the second cell.
It is well known that a method is called pth order if the local error is O
(
hp+1
)
or
(equivalently for normal systems) if the global error is O (hp). It can be seen from
Figure 2 that the global error decreases with the first power of the stepsize, thus one
can conclude that this method is first order. The analytical proof of this statement
is presented in the Appendix.
4. Comparison with numerical results for a stiff system
The second system is a regular rectangle-shaped lattice, Nx = 100, Ny = 50. A value
10(3−7×rand) is given to the capacities Ci and to the inverse conductances 1/Uxi,
1/Uyi (the resistances), where rand is a random number generated by MATLAB
uniformly in the (0, 1) interval for each quantity. This means that the capacities (the
resistances) follow a log-uniform distribution between 0.0001 and 1000. The initial
temperatures are uniformly zero, the sources have a uniform distribution between 0
and 100, Qi = 100× (1− rand) . The task is to solve this system for the temperatures
between t0 = 0 s and tFIN = 10 s.
It is well known that the stiffness ratio is the ratio of the extreme eigenvalues
λmin/λmax, where λmin (λmax) is the (negative) eigenvalue of the matrix with the
largest (smallest) absolute value. In this case the stiffness ratio is 7.6 × 1012, which
means that this is a seriously stiff problem. For the explicit Euler method (which is
equivalent to the forward-time central-space FTCS scheme), the maximum possible
timestep is
hEMAX = |2/λmax|= 1.45× 10−8s .
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Note that above this threshold instability necessarily occurs. For this system, the
widely used (conditionally stable) explicit methods are inpractical, as they would
require at least a day to reach any result. Therefore, to provide a reference solution,
an implicit ode15s solver of MATLAB has been used, which is variable-step, variable-
order, based on the numerical differentiation formulas (NDFs) of orders 1 to 5, where
the letter s indicates that the codes were designed especially for stiff systems. With
strict error tolerance
(
’RelTol’ = 10−8, ’AbsTol’ = 10−7
)
, our computer needs 677 s
to give a high precision solution using this routine.
Figure 3. A randomly selected part of the graph of the temperature
as a function of the space variable. The blue line is the high-precision
solution while the orange circles are the values produced by the new
algorithm for h = 0.0002.
With the new “constant-neighbour” method, one timestep takes roughly 0.0004 s. We
found that if h = 0.0002, then the produced results already fit quite well to the exact
curve. The result is presented in Figure 3. One can see that it is possible to obtain a
reasonable solution in tFIN× 0.0004 s/h ≈ 20 s (in reality, 14 s), much faster than the
conventional explicit or implicit methods.
In Table 1 some results obtained by MATLAB routines ode15s, ode23s and the
new method, are summarised. We note that no matter how huge the error tolerance
is set to enhance speed, we were not able to obtain any results in 3 minutes by any
MATLAB routines. From the data one can see that when a larger error tolerance is
set, the new method is at least comparable with the standard solvers.
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Table 1. Performance of 3 different solvers, CN is for “Constant-
Neighbour”. The first error quantity, MaxD, is the maximum devi-
ation (absolute value of the difference) from the reference solution.
The second one, SumD, is the sum of these deviations for all of the
cells.
Method Runtime (s) MaxD SumD
ode15s 181 7.7 4890
ode15s 248 0.49 266.4
ode15s 400 0.001 0.506
ode23s 2112 0.146 79.6
CN, 2× 10−4 14 340.9 38702
CN, 2× 10−5 142 36.65 3570
CN, 10−4 307 15.75 1715
CN, 10−6 556 7.06 823
On the other hand, if a high-precision solution is needed, then the proposed method
could not be recommended, but first order methods are not for this purpose, anyway.
However, the following facts should be emphasized:
• This is still a small system with 5000 cells, and for larger numbers of cells
implicit methods have more serious drawbacks. We note that the reason we
have not used larger systems for testing purposes is that our computer cannot
solve them by implicit methods because of the huge memory requirements.
• This is the simplest, “raw” version of the new method, without any optimiza-
tion, adaptive stepsize control, parallelization or vectorization, which could
immensely enhance computing speed.
In Figure 4 we present the two different kinds of error as a function of the stepsize
h. One can see that for smaller stepsizes, the errors are decreasing slightly faster than
the stepsize, which underpins that the convergence-rate of the method is (at least)
one.
It can be seen that the error function is almost horizontal at the right side of Figure
4. The reason for this is that there are tiny cells with very small time constant τ ,
which means that their temperatures change very rapidly. In this case, the constant-
neighbour approximation we used in Section 2 step 1 is very crude for large time-step
sizes and the method underestimates the speed of the processes in the system. The
right side of the diagram also reinforces the statement that the method is stable for
arbitrarily large step sizes, as the error does increase quite slowly with increasing
stepsize and tends to a constant, thus they are always bounded and the method is
stable.
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Figure 4. Different kinds of errors as function of the timestep size.
For the definition of the error quantities, see the caption of Table 1.
5. Summary
In this paper a new explicit numerical algorithm was presented to solve the time-
dependent heat conduction or diffusion equation with external sources. After the
spatial discretization of these parabolic partial differential equations, one obtains
systems of ordinary differential equations which consist of several equations and which
can be extremely stiff. When applied to these equation systems, the new method
is unconditionally stable and first order in time. The performance of the method
has been illustrated for a simple, analytically soluble case and in the case of a two-
dimensional system with highly inhomogeneous random parameters. The obtained
data suggest that if quick results are required for a huge number of cells, the new
method has a remarkable advantage, even without parallelization. We have also
proven analytically that the method is first order in time. We note that we are
currently working on the second order version and also on extending the method to
equations with other terms besides the diffusion term.
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Appendix A. The proof that the method is first order in time
Using the power series form of the exponential function, the exact solution of (1) is
the following:
~T (t) = eMt ~T0 +
(
eMt − 1)M−1 ~Q =
=
(
1 +Mt+M2
t2
2
+M3
t3
3!
+ ...
)
~T0 +
(
t+M
t2
2
+M2
t3
3!
+ ...
)
~Q .
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The 0th and first order terms in the exact solution at t = h are given by:
Ti(h) = T0,i (1 +miih) + h
∑
j 6=i
mijT0,j +Qih =
= T0,i
(
1− h
τi
)
+ h
∑
j=neigh
Uij
Ci
T0,j +Qih ,
where we used the fact that Uij ≡ 0 if and only if the two cells are neighbours and
thus the summation can be performed only to the neighbours. Let us compare it to
the new “Constant Neighbour” solution. We obtain from (3) that
Ti(h) = T0,i
(
1− h
τi
+O(h2)
)
+
(∑
j=neigh UijT0,j∑
j=neigh Uij
+Qiτi
)(
1− 1 + h
τi
−O(h2)
)
.
Considering only the 0th and first order terms yields
Ti(h) ≈ T0,i
(
1− h
τi
)
+
(∑
j=neigh UijT0,j∑
j=neigh Uij
+Qiτi
)
h
τi
=
= T0,i
(
1− h
τi
)
+ h
∑
j=neigh UijT0,j∑
j=neigh Uij
∑
j=neigh Uij
Ci
+Qih .
After simplification we obtain the statement that the difference between the exact
solution and the new method, i.e., the local error is second order in time.
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Abstract. Thin plate acoustic metamaterials (TAM) have demonstrated uncommon capac-
ity in controlling low-frequency sound transmission. This paper concentrates on a theoretical
and experimental investigation of clamped double polylactic acid (PLA) thin plates with at-
tached mass. The theoretical formulation was done using a rectangular duct below the first
cut off frequency. The sound transmission loss (STL) of the plates is calculated for plane
wave condition, then the accuracy and capability of the theoretical model is verified through
the comparison with the finite element method and experiment. The influence of several
key parameters on the STL of the double-panel configuration is then systematically studied,
including thickness of air cavity, magnitude of mass attached, and mode shapes. New peak
and dip frequencies are found for the TAM with attached masses. The developed model can
serve as an efficient tool for the design of such thin plate metamaterials.
Mathematical Subject Classification: 74H45, 74K20
Keywords: Polylactic acid, acoustic metamaterials, sound transmission loss, clamped plate
1. Introduction
Double-leaf partition membranes and thin plates structures have found increasingly
wide applications in sound control engineering due to their superior sound insula-
tion capability over single-leaf configurations. Typical examples include automotive,
marine, aircraft, construction industries and so on [1–3]. Double-wall structures,
however, are less efficient at low frequency around the mass–air–mass resonance at
which the model for infinite panels reveals an out-of-phase motion of the two walls [4].
Until quite recently, there has been a persistent effort to explore the prospect of using
acoustic metamaterials to increase the transmission loss of double-wall partitions at
low frequencies [5, 6]. In these works, analytical and numerical investigation of the
STL features are controlled by the magnitude of the added mass and/or pretension
of the membrane. However, only the effect of mass and tensions were examined, and
no further detailed analysis and experimental verification were presented. Thus, to
the author’s best knowledge, very few experimental studies have been reported on
the coupled vibroacoustic problems of double thin plates with added mass in a rigid
duct, and that would be solved in this paper. The thin plate acoustic metamaterial
(TAM) can be described as an elastic plate carrying a concentrated mass or masses
on each side. The vibration eigenfrequencies of the thin plate acoustic metamaterials
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(TAM) can be tuned by varying the thin plate and mass properties. In this paper,
we present the experimental realization and theoretical understanding of a double
thin plate metamaterial with one mass resonator on each face to further study and
verify the work carried out previously numerically. What distinguishes this study
from others is that the effect of cavity gaps in relation with the attached mass and
the mode shapes characteristics of the plates are investigated. In the first instance,
a brief overview of the structural and acoustic models is presented. Results for the
experiments, theory and numerical investigation are then presented and discussed,
followed by concluding remarks.
2. Theoretical formulation
Consider now TAM, as shown in Figure 1(a), where the thin plate is attached by N
point masses on each plate. The case of N = 1 is illustrated in Figure 1(b), and the
mass is located at (xh, yh). The upper plate is excited by a plane harmonic sound
wave. The two elastic thin plates are fully clamped along their edges to an infinite
rigid acoustic baffle.
(b)
Figure 1. (a) TAM subjected to a plain wave loading in a rectangular
duct (b) TAM attached with a centrally placed mass
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The flexural motions equation of two thin plates connected each by N number of
point masses and air cavity is given by
D1∇4ξ¯1 −M1ω2ξ¯1 −
N∑
~=1
←
M1ω
2ξ¯1δ {x− x~, y − y~} =
= 2A+
Nm∑
m=0
Nn∑
n=0
[emn − bmn − cmn] cos (pimx/L) cos (pinx/L) (1)
for panel 1, and
D2∇4ξ¯2 −
←
M2ω
2ξ¯2 −
N∑
~=1
←
M2ω
2ξ¯2δ {x− x~, y − y~} =
=
Nm∑
m=0
Nn∑
n=0
[
bmne
−ikzq + cmneikzq − dmne−ikzq
]
cos (pimx/L) cos (pinx/L) (2)
for panel 2. In the above equations ξ¯1, D1, M1 and M¯1 are the transverse displace-
ment, the flexible rigidity, the mass density and the discrete mass (attached) of panel
1, respectively. Symbols with subscript 2 have the same meanings as defined above
but applied to panel 2. emn, bmn, cmn, dmn and A are amplitude constants related
to the waves in the duct as shown in Figure 1. This is given by Kim et al. [7]:
Q1 = Ae
i(ωt+kzz) +
Nr∑
m=0
Ns∑
n=0
emne
i(ωt+kzz) cos (pimx/L) cos (pinx/L) , (3)
Q2 =
Nr∑
m=0
Ns∑
n=0
[
bmne
i(ωt−kzz) + cmnei(ωt+kzz)
]
cos (pimx/L) cos (pinx/L) , (4)
Q3 =
Nr∑
m=0
Ns∑
n=0
dmne
i(ωt−kzz) cos (pimx/L) cos (pinx/L) , (5)
where L is the height of the plate, ω is the angular frequency, and i =
√−1. Wave
number kz in z direction satisfies the following relation:
kz =
[
k2 − pi
2
(
m2 + n2
)
L2
]1/2
, (6)
which shows that the axial wavenumber kz depends on m and n. When m = n
= 0, which can be recognized as the one-dimensional sound field assumed in this
work. The plane wave is the fundamental duct mode. The displacement of the plates
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can be expressed as a harmonic function:
ξ1=ξ¯1e
iωt,ξ2=ξ¯2e
iωt . (7)
At the air panel interface, the boundary conditions at thin plate surfaces give
1
ρ
∂Q
∂z
= −∂
2ξ1
∂t2
= ω2ξ1 at z = 0 , (8)
1
ρ
∂Q
∂z
= −∂
2ξ2
∂t2
= ω2ξ2 at z = q , (9)
where ρ is the density of air. For clamped plates, the flexural displacements of the
incident and radiating plates can be expressed as
ξ¯1 (x, y) =
7∑
j=1
ajΦj (x, y), ξ¯2 (x, y) =
7∑
j=1
TjΦj (x, y) , (10)
where Φj (x, y) is the j
th mode of the clamped plate. Approximate solution for the
first 36-term modes as proposed by Young [8] is defined as
Φj (x, y) =
6∑
r=1
6∑
s=1
Ajrsφr (x)φs (y) , (11)
where φr (y) is the r
th mode of the clamped beam vibration defined by the following
relation:
φr (x) = cosh (εrx/L)− cos (εrx/L)− αr {sinh (εrx/L)− sin (εrx/L)} (12)
in which parameter εr and αr can be found in mechanics books [9, 10]. The natural
frequency corresponding to the jth mode is given by
ωj =
λjh
L2
√
E
12ρp (1− v2) , (13)
where h, E, ν and ρp are the thickness, Young modulus, Poisson ratio and density of
the plate. The coefficients Ajrs and λj are found in Leissa [11]. Using displacement
functions in equation (7), equations (1) and (2) become
7∑
j=1
←
M1aj
{
ω2j − ω2
}
Φj −
N∑
~=1
←
M1ω
2ajδ {x− x~, y − y~}Φj =
= 2A− 2
Nm∑
m=0
Nn∑
n=0
bmn cos (pimx/L) cos (pinx/L) , (14)
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7∑
j=1
←
M2Tj
{
Ω2j − ω2
}
Φj −
N∑
~=1
←
M2ω
2Tjδ {x− x~, y − y~}Φj
= 2
Nm∑
m=0
Nn∑
n=0
cmne
ikzq cos (pimx/L) cos (pinx/L) , (15)
where ωj and Ωj are the natural frequencies of the j
th mode of plates 1 and 2,
respectively. Multiply this equation by ΦM (x, y) and integrate over the entire region.
Then combining the acoustic part at low frequency can be obtained as [12]:
←
M1ΓjM
(
ω2j − ω2
)
aj −
←
M1ω
2ajZjM = 2βM,00 (A− b00) , (16)
←
M2ΓjM
(
Ω2j − ω2
)
Tj −
←
M2ω
2TjZjM = 2c00βM,00e
ikq , (17)
b00 − c00 =
7∑
j=1
iρcωajβj,00 , (18)
b00e
−ikq − c00eikq =
7∑
j=1
iρcωTjβj,00 , (19)
where
ΓjM =
1
L2
∫
A
Φj (x, y) ΦM (x, y) dxdy ,
ZjM =
1
L2
N∑
ka=1
(Φj (x~, y~) ΦM (x~, y~)) ,
βM,rs =
1
L2
∫
A
cos
(pirx
L
)
cos
(pisy
L
)
ΦM (x, y) dx dy .
(20)
Equations (16), (17), (18) and (19) can be combined in matrix form:

L11 0 L13 0
0 L22 0 L24
L31 L32 L33 L34
0 L42 L43 L44


A
B
C
D
 =

F
0
0
0
 (21)
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where the coefficients L11, . . . , L44 ar given by the following equations:
L11 =
←
M1
(
ω2j − ω2
)
ΓjM − mˆ1ω2ZjM , L13 = 2βM,00 ,
L22 =
←
M2
(
Ω2j − ω2
)
ΓjM − mˆ2ω2ZjM , L24 = −2βM,00eikq ,
L31 = −iρcωβj,00 , L33 = −1 ,
L34 = −1 , L42 = −iρcωβj,00 ,
L43 = e
−ikq , L44 = −eikq .
(22)
The elements of the displacement coefficient vectors A, B, C, D and the generalized
force vector F take the form:
Aj×1 = {a1, . . . . . . .a7}T , Bj×1 = {T1, . . . . . . .T7}T ,
C = b00 , D = c00 ,
(23)
FM×1 = 2βM,00 , A = {F1, . . . . . . .F7}T . (24)
Equation (22) describes the vibroacoustic behavior of the coupled system, which can
be used to calculate various coefficients for constructing the displacement of each
mode of the panels and the amplitudes inside the cavity. The sound transmission
coefficient (tao) is expressed as:
τ =
∣∣∣∣d00A
∣∣∣∣2 = ∣∣∣∣b00 − c00e2ikqA
∣∣∣∣2 . (25)
The sound transmission loss for a single incident wave, therefore, is calculated in
decibel scale via
STL = −10log10
(
1
τ
)
. (26)
3. Experimental investigation
3.1. Experimental set up. The experimental set up is shown in Figure 2. The
procedure and the method of converting the rectangular plate to circular plate was
established in our earlier paper [13]. Briefly explained, the apparatus consists of
Bruel & Kjaer type 4206 impedance tubes with the sample sandwiched inbetween.
The front tube has a loudspeaker at one end to generate a plane wave in the tube.
There are two sensors in the front tube to sense the incident and reflected waves.
The third sensor in the back tube, terminated with an anechoic sponge, senses the
transmitted wave. The signals from the three sensors are sufficient to resolve the
transmitted and reflected wave amplitudes [13]. The outer of the PLA plates is 120
mm while the inner diameter for the experiment is 100 mm. The experiment samples
were attached to a sample holder in the tube to provide a reliable boundary condition
for each experiment.
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Figure 2. Experimental setup for STL measurements of fully clamped
double-plates: (a) impedance tube (b) Sample holder, (c) Plain PLA,
(d) Plain PLA with mass 2
3.2. Validation. Two test cases are considered in order to validate the theoretical
model and numerical code developed in this study. Firstly, the present model is com-
pared with results of Kim et al. [7] for plywood plate in Figure 3(a). The theoretical
model for Kim et al. for rectangular plate was modeled using the parameters given,
and the present model agree well for all frequencies. Secondly, STL predictions of
the plain plate from the current model are compared with those obtained by using a
commercially available FE code, COMSOL MultiphysicsTM and with experimental
resuklts using circular PLA plates. The present model, the numerical solution, and ex-
periment data agree as shown in Figure 3(b). There is little discrepancy at the second
Figure 3. STL at low frequency of double PLA panel separated by air
cavity without magnetic force: (a) comparison between the current
study and Kim et al [7] (b) 1 mm thickness with 10 mm air cavity
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resonance between the experiment and the current model. This discrepancy in the
experimental values could be the result of the inability to accurately determine the
air cavity gap in the experiment.
4. Results and discussion
The proposed analytical model is further applied for investigating the coupled vi-
broacoustic behaviour of the TAM. Consideration is paid to parameter effects such
as thickness of plate, weight of the mass, cavity gap, and mode shapes of the plates
on acoustic properties of the TAM. To quantify the effects of panel thickness, the
STL versus frequency curve is presented in Figure 4. As expected, as the thickness
increases the STL increases at low frequency. However, it is found that the frequency
gap separation between the first and second resonances drops. This implies that as the
thickness increases the acoustic resonance can be cancelled, even for the double plates.
In addition, the current model as shown in Figure 4(b) is in close agreement with the
Figure 4. The effects of plate thickness on transmission loss 30 mm
air cavity: (a) experimental data (b) theretical data and (c) FEM
simulations
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numerical mode. For example for a 1 mm thick PLA, the numerical simulation has
300 Hz and 430 Hz for the first and second resonance, respectively, while for the
current model, it has 320 Hz and 435 Hz, respectively.
Figure 5 shows the comparison of STL spectra for the effect of different masses
for the experiments, current model and FEM results. Firstly, the mass shifted the
plate-cavity-plate resonance from 520–300 Hz for experiment results whereas the shift
is from 480–210 Hz and 480–240 Hz for the theory and FEM, respectively. It is
observed that with a heavier attached mass, STL summits and valleys move toward
the low frequency regime. Secondly, there is multiple modes vibration after the second
resonance in the experiment results which is not captured in the theoretical and FEM
results. Hence, in this frequency range the value of STL for experiments is lower
compared to theory and COMSOL results. The reason for the excitation of these
modes could be attributed to an unevenly damped plate, and/or to the structural
flanking path as discussed by Carneal and Fuller [2]. This contributed to the lower
STL values obtained in the experiment.
Figure 5. The effects of plate thickness on transmission loss of 30
mm air cavity as in Figure 4
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Figure 6. The effects of cavity gap on transmission loss: (a) trans-
mission loss of 1 mm thick plate with mass 1 with different cavity
gap (b) corresponding analytical solutions
Figure 7. STL at low frequency of double PLA panel separated by
air cavity with mass 2: (a) 1 mm thickness with 20 mm air cavity
(b) transverse displacements for theory and FEM
The influence of the air cavity gap between the thin plates on the STL plot is dis-
played in Figure 6. The locations of mass-air-mass resonance shift to lower frequencies
with increasing air cavity gap. The current model estimates the second resonance oc-
curred around 430 and 330 Hz for 10 mm and 30 mm air cavity gap, respectively.
The corresponding experiment occurred at 450 and 360 Hz respectively.
Figure 7 shows the STL spectra of double plates and their corresponding transverse
displacement. The first two natural frequencies of the modes of TAMs obtained from
the analytical method and FE analysis are fa1 = 170 Hz, f
a
2 = 240 Hz and f
c
1 = 179
Hz and fa2 = 252.5 Hz, respectively. The transverse displacement of the TAM shows
that the incident panel and the radiating panel vibrate in out-of-phase between the
structural and acoustic resonances. Very good agreement is observed for the first two
resonant frequencies, which further confirms the accuracy and capability of the current
25
analytical model. The corresponding mode shapes from the analytical method and
FE analysis are also shown in Figure 8. Results show that the two methods generally
yield similar results. However, the effect of using a lumped mass in the derivation of
the analytical mode is obviously seen in Figure 8(a), where the surface displacement
area is not as wide as we have in Figure 8(b).
Figure 8. Panel deflection mode shapes of the TAM in Figure 6 under
first resonance frequency: (a) analytical solution at fa1 = 170 Hz, (b)
COMSOL solution at f c1 = 179 Hz
5. Conclusion
In this work, an analytical approach has been developed to investigate the vibroacous-
tic behavior of a finite double thin-plate attached with a mass in a rigid rectangular
duct. Experimental measurements are subsequently performed to validate the theo-
retical predictions, with good overall agreement achieved for thin plates with mass
and without mass. The influence of several key system parameters on the sound
transmission loss capability of clamped double-thin plate panel has been systemati-
cally explored, including different mass magnitude, thickness of air cavity, and mode
shapes.
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Abstract. The transient wear process on a frictional interface of two elastic bodies in
relative steady sliding motion induces shape evolution of contact interface and tends to a
steady state. Then wear growth develops at constant contact stress and strain distributions.
In previous papers these cases were analyzed for the fixed sliding velocity between the bodies
and for fixed loads [1–4]. The cases of periodic sliding under fixed normal loads were treated
in [5]. The cases of periodic loads for fixed or varying sliding velocity were investigated in
[6]. The variational procedure and minimization of the response functional corresponding
to the wear dissipation power were applied. The modified Archard wear rule was assumed.
The specific examples were solved assuming fixed values of wear parameters in the contact
domain. In the present paper the previous analyses are extended to cases when the wear
parameters can vary along the sliding path and similarly, the sliding velocity and normal
load can vary periodically. The cases of a ring segment-on rotating disk and translating
punch-on strip are considered, providing wear analysis accounting for temperature effect.
Mathematical Subject Classification: 74M10, 74M15
Keywords: contact problems, sliding wear, steady state, variational principle, optimal con-
tact surface, p-version of finite elements
1. Introduction
In the papers Pa´czelt and Mro´z [1, 2] a new variational principle was proposed aimed
at characterization of steady wear processes. It is based on the minimum principle
of wear dissipation power with the equilibrium condition of interacting bodies as a
constraint. In the examples treated the wear parameters were supposed to be uniform
in the contact zone. In the present paper, we shall extend the analysis by considering
the wear process of inhomogeneous bodies.
A class of problems will be considered when the wear parameters are not fixed but
can vary with point position in the contact zone. Also elastic moduli are allowed
to vary with point position in the body domain. Such assumptions provide a more
realistic approach when a surface treatment is applied to improve hardness and wear
resistance of contact layers. A general theoretical framework is first developed and
next the numerical wear analysis is presented for two specific problems, namely a ring
brake and translating punch on a plane substrate. It is demonstrated that the varying
c©2020 Miskolc University Press
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wear parameters affect essentially the contact pressure distribution and the wear rate
in the steady state.
The wear rule specifies the wear rate w˙i,n of the i
th body in the normal contact
direction. Following the previous work [1, 2] the modified Archard wear law is
w˙i,n = βi(τn)
bi‖u˙τ‖ai = βi(µpn)bi‖u˙τ‖ai = βi(µpn)bivair = β˜ipbin vair , i = 1, 2 (1.1)
where βi, ai and bi are the wear parameters, µ is the friction coefficient, the relative
tangential velocity is u˙τ , β˜i = βiµ
bi , vr = ‖u˙τ‖. The shear stress at the contact
surface is denoted by τn and related to the contact pressure pn by the Coulomb friction
law τn =µpn. The unilateral contact occurs on the boundary portion Sc. In [1, 2]
the wear rate vector was introduced, which is not only normal to the contact surface
but also has tangential component. The elastic rates in the normal and tangential
directions are denoted by u˙(α)e,n and u˙
(α)
e,τ , respectively. The rigid body rates are denoted
by u˙
(α)
R,n, u˙
(α)
R,τ . The relative tangential velocity has the elastic and rigid body portions
u˙τ = u˙
(2)
e,τ + u˙
(2)
R,τ − (u˙(1)e,τ + u˙(1)R,τ ) = u˙e,τ + u˙R,τ , ‖u˙τ‖ = vr. (1.2)
Rigid body velocity has two components:
1. The sliding velocity is prescribed by stated boundary conditions allowing for
a rigid body motion and elastic displacements developed in a stressed state.
2. The wear velocity is defined by the the rigid body motion induced by wear,
so that
u˙
(w)
R,n = (λ˙F + λ˙M ×∆r) · nc ,
u˙
(w)
R,τ = (λ˙F + λ˙M ×∆r)− u˙R,nnc ,
(1.3)
where λ˙F and λ˙M are the relative translation and rotation velocities induced
by wear, which should be determined from the contact problem solution, ∆r
is the position vector with respect to a reference point.
Assume now that the body B1 plays the role of an indenter and its rigid body
motion is associated with the wear process. The body B2 executes the sliding motion
on the contact surface.
The contact stress of interaction of bodies B1 and B2 is
tc = tc1 = −tc2 = −pn(nc ± µeτ1)− µdpneτ2 = −pnn˜c , (1.4)
where µ is the friction coefficient specifying the shear stress in sliding direction and
µd is the friction coefficient associated with transverse wear velocity.
In the wear process the friction between two bodies depends not only on asperity
interaction generating shear stress nearly oriented along the relative sliding velocity,
but also on the direction of motion of the debris particle layer formed in the contact
zone. In direction of the relative sliding velocity the friction coefficient is usually
larger than in the transverse direction. In [2] three types of tangential wear dissipation
models were introduced and discussed, one accounting only for wear particle slip and
the other for the wear debris particle rotation and slip within the contact zone. The
proper selection of the transverse friction model should be based on micromechanical
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analysis and validation tests. The other reason for non-coaxial slip and friction force
action is related to the anisotropic friction condition discussed in detail in Reference
[7].
The vectors eτ1, eτ2 and nc provide the local reference triad. Here nc is the unit
normal to the contact surface of body B1, eτ1 is the tangent unit vector coaxial
with the sliding velocity and eτ2 is the transverse tangent unit vector. The sign +
corresponds to the case when the relative velocity u˙τ = u˙
(2)
τ − u˙(1)τ = −‖u˙τ‖eτ1 =
−vreτ1 is with the corresponding shear stress acting on the body B1 along −eτ1.
Figure 1. Wear rate vectors, local coordinate system
The wear rate vector for body Bi i = 1, 2 (see Figure 1) is
w˙i = (−1)i(w˙i,nnc − w˙i,τ1eτ1 − w˙i,τ2eτ2) , (1.5)
where the tangential wear components can be regarded as the initial velocities for the
wear debris transport in the contact layer.
A fundamental assumption was introduced, namely, at the steady state the wear
rate vector is collinear with the rigid body wear velocity of B1, so that
eR =
λ˙F + λ˙M ×∆r
‖λ˙F + λ˙M ×∆r‖
(1.6)
and
w˙=w˙2 − w˙1 =w˙R = w˙2,R − w˙1,R= w˙ReR ,
w˙1,R = −w˙1,ReR, w˙2,R = w˙2,ReR . (1.7)
It has been shown [1, 2] that the steady state conditions can be obtained from
minimization of the generalized wear dissipation power for the case of wear of two
bodies
D(q)w =
2∑
i=1
(
∫
Sc
(tci ·wi)q dS)1/q =
2∑
i=1
C
1/q
i , (1.8)
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where q is the control parameter, usually q > 0.
Assume that the contact pressure pn(x) and the friction shear stress satisfy the
global equilibrium conditions for the body B1, so we have
f = −
∫
Sc
n˜cpn dS + f0 = 0 ,
m = −
∫
Sc
∆r × n˜cpn dS +m0 = 0 ,
(1.9)
where f0 and m0 denote the resultant force and moment acting on the body B1, ∆r
is the position vector.
Introducing the Lagrange multipliers λ˙F and λ˙M , the equilibrium conditions in
(1.9), we can state the Lagrangian functional
L
(q)
Dw
= L
(q)
Dw
(pn, λ˙F , λ˙M ) = D
(q)
w (pn) + (b+ 1)λ˙F · f + (b+ 1)
·
λM ·m , (1.10)
where it is assumed that b = b1 = b2 [3].
Satisfying the stationary condition of (1.10), δpnL
(q)
Dw = 0, the contact pressure
distribution is obtained in the form
pn =
 λ˙F · n˜c + (λ˙M ×∆r) · n˜c(
β˜1v
a1
r
)q
C
1−q
q
1 +
(
β˜2v
a2
r
)q
C
1−q
q
2
(1∓ µ tanχ)−q

1
(b+1)q−1
(1.11)
and the equilibrium equations are
f(λ˙F , λ˙M ) = −
∫
Sc
n˜cpn dS + f0 = 0 ,
m(λ˙F , λ˙M ) = −
∫
Sc
∆r × n˜cpn dS +m0 = 0 .
(1.12)
Let us note that the orientation angle χ = χ(λ˙F , λ˙M ) depends on the Lagrange
multiplier vectors and equations (1.12) are highly nonlinear. The Lagrange multiplier
vectors λ˙F , λ˙M can be calculated by applying the Newton-Raphson technique, as
these variables are internal unknowns.
The control parameter q provides the transition from local to global response.
In fact, for q = 1, these functionals provide the global measures but for q → ∞
they represent local values of integrands. It has been shown that for q = 1, the
optimal solution corresponds to steady state condition. Thus, this condition can
be specified directly from (1.11) and (1.12) instead of integration of the wear rule
(1.1) for the whole transient wear process until the steady state is reached. We shall
first illustrate the applicability of the stationary conditions to the analysis of several
specific examples.
In the work of Goryacheva [8] we find same examples for cases when the wear
parameters are not uniform along the contact surface. Such a situation occurs for
inhomogeneous bodies. In [8] (Chapter 7), a case was analyzed when one of the bodies
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executes a rigid body translation displacement. The problem was solved analytically
for special boundary conditions (contact surface of periodical character). We would
like to analyze similar cases, when there is rigid body rotation and the contact surface
is not only a plane. The heat generation in the contact zone is accounted for and the
effect of temperature field on the steady wear state is analyzed. It is assumed that
strains are small and the materials of the contacting bodies are linearly elastic. Our
solution has been obtained by using the p-version finite element method [9, 10].
2. Wear analysis in ring segment-on-rotating disk tests
Consider first the interaction of stationary ring shoes with rotating disk of thickness
tth and radius R0 (Figure 2). Assume the plane stress state within the rings and disk.
The shoes are loaded uniformly by the pressure p˜ on the upper/lower boundary
with the resulting force F0 and may translate along the z-axis in order to arrange
the interaction with disk at the contact surfaces specified by the angles ±α0. The
formulation will be for the upper shoe. In this case the rigid body wear velocity equals
λ˙F = −λ˙Fez. The disk is rotated with the angular velocity ω in the clockwise or
anticlockwise direction.
Following our main assumption (1.6), the wear rate vector is collinear with ez, thus
eR = −ez, χ = α ,
nc = − cosαez − sinαex, e = eτ1 = sinαez − cosαex, eτ2 = ey ,
n˜c = nc ± µeτ ,
(2.1)
where the lower sign (−) corresponds to the case of disk rotation in the anticlockwise
direction and the upper sign (+) to the rotation in the opposite direction. The contact
pressure distribution resulting from the stationary condition (1.11) is expressed as
follows:
pn =
 λ˙F2∑
i=1
(
β˜iv
ai
r
)q
C
1−q
q
i

1
(b+1)q−1
(cosα∓ µ sinα) 1−q(b+1)q−1 (cosα) q(b+1)q−1 . (2.2)
The equilibrium condition of the shoe is
−
α0∫
−α0
pn (nc ± µeτ ) · ezR0tth dα = F0 (2.3)
and provides the expression for the loading force
F0 =
α0∫
−α0
 λ˙F2∑
i=1
(
β˜iv
ai
r
)q
C
1−q
q
i

1
(b+1)q−1
(cosα∓ µ sinα) 1−q(b+1)q−1+1 (cosα) q(b+1)q−1 R0tth dα . (2.4)
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Figure 2. Ring-on-disk test, loading and geometrical parameters
Two cases will be discussed now.
Case A: Assume that β˜2 = 0, i.e., wear of the disk does not occur. Introducing the
integral
I
∓(q)
Dw
=
α0∫
−α0
1(
β˜1v
a1
r
) q
(b+1)q−1
(cosα∓ µ sinα) 1−q(b+1)q−1+1 (cosα) q(b+1)q−1 R0tth dα (2.5)
we obtain
F0
I
∓(q)
Dw
=
 λ˙F
C
1−q
q
1
 1(b+1)q−1
and the contact pressure is expressed as follows:
pn =
F0
I
∓(q)
Dw
(cosα∓ µ sinα) 1−q(b+1)q−1
(
cosα
β˜1v
a1
r
) q
(b+1)q−1
. (2.6)
If the term (b+1)q−1 = 0 a singular pressure distribution occurs with localization
at the centre line or perimeter line of contact zone. The steady wear state is reached
for q = 1 and then contact pressure distribution is
pn =
F0
I
∓(q=1)
Dw
(
cosα
β˜1 (R0ω)
a1
) 1
b
. (2.7)
Analysis of steady state wear processes for inhomogeneous materials 33
The wear rate component in the normal direction to the contact surface equals
w˙n =
(
β˜1 (R0ω)
a1
)( F0
I
∓(q=1)
Dw
)b
cosα
β˜1 (R0ω)
a1
6= const (2.8)
and the wear rate along the vertical z-axis
w˙ = w˙R = λ˙F =
w˙n
cosα
=
(
F0
I
∓(q=1)
Dw
)b
= const (2.9)
is constant. The wear volume rate now equals
W˙ =
α0∫
−α0
w˙nR0tth dα =
α0∫
−α0
w˙v cosαR0tth dα =
(
F0
I
∓(q=1)
Dw
)b
R0tth 2 sinα0 . (2.10)
Case B: At the end, we finalize our results for q = 1 at β˜i = βiµ
b and vr = ‖u˙τ‖.
Then using (2.2) and (2.3) we have
F0 =
α0∫
−α0
 λ˙F2∑
i=1
(
β˜iv
ai
r
)

1
b
(cosα∓ µ sinα) (cosα) 1b R0tth dα (2.11)
and after introducing the integral
I˜
∓(q=1)
Dw
=
α0∫
−α0
 12∑
i=1
(
β˜iv
ai
r
)

1
b
(cosα∓ µ sinα) (cosα) 1b R0tth dα (2.12)
we obtain
F0
I˜
∓(q=1)
Dw
=
( ·
λF
) 1
b
(2.13)
so the contact pressure is expressed as follows:
pn =
F0
I˜
∓(q=1)
Dw
 cosα2∑
i=1
(
β˜iv
ai
r
)

1
b
, vr = R0ω . (2.14)
The wear rate component in the contact normal direction equals
w˙n =
2∑
i=1
(
β˜iv
ai
r
)( F0
I˜
∓(q=1)
Dw
)b
cosα
2∑
i=1
(
β˜iv
ai
r
) 6= const (2.15)
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and the wear rate along the z-axis according to (2.9) is constant
w˙R =
(
F0
I˜
∓(q=1)
Dw
)b
= const. (2.16)
The wear volume rate now equals
W˙ =
α0∫
−α0
w˙nR0tth dα =
α0∫
−α0
w˙v cosαR0tth dα =
(
F0
I˜
∓(q=1)
Dw
)b
R0tth 2 sinα0. (2.17)
Example 1
Select the following specific parameter values: loading force F0 = 10 kN, contact
angle α0 = ±30◦, disk radius R0 = 200 mm, and thickness tth = 10 mm. The wear
parameters are β1 = 0.0002, β2 = 0, a = b = 1, the friction coefficient is µ = 0.25, the
angular disk velocity ω = 2.5 rad/s, β˜1 = β1µ, c˜ = β˜1(R0ω) = β˜1vr, β˜2vr = 0. The
wear coefficient is equal to c˜=c1 = 0.025 in the intervals −α0 ≤ α ≤ −15, 15 ≤ α ≤ α0
and in the middle zone c˜ = c1/2. The wear resistance in the middle zone is greater
than in the exterior zones.
Minimizing the wear dissipation power D
(q)
w (pn), the contact pressure is specified
by (2.6). Figures 3 presents the pressure distribution for anticlockwise and clockwise
disk rotation. The pressure distribution depends on the orientation of disk rotation.
If q is close to 0.5 the contact pressure and wear distribution are highly localized at
the contact zone perimeter or at the centre line.
Figures 4 presents the associated wear distribution for different values of q, the
steady state wear process occurs for which w˙v =
·
wR = const and the pressure
distribution is specified by (2.7). The steady state pressure distribution is symmetric
with respect to the z-axis and does not depend on the friction coefficient.
Example 2
Consider now the loading shoe in the form of a thin ring segment of constant
thickness tth = 10 mm, subjected to the distributed load localized at the centre, so
that the vertical traction is p˜ = 49.5 MPa and the resultant force F0 = 10 kN. Figure
5 presents the finite element mesh of the system and the initial contact pressure
distribution with no gap (clockwise rotation). In the vertical direction there are 4
layers, along the long direction there are 11 elements. In the disk radial direction there
are 4 elements, in the circumferential direction there are 15 + 11 + 15 = 41 elements.
For solution of the contact problem [11] the p-version finite element method [9] was
used. The initial contact pressure distribution is highly localized near the centre line
and due to friction on the right side boundary, (see Figure 5b).
The steady state of wear is reached when the contact pressure distribution specified
by (2.7) for q = 1 is satisfied.
We would like consider the thermo-mechanical problem with angular velocity ω =
5 rad/s. The friction heat is generated in the contact surface Sc ∈ (r = 200 mm, α0 =
∓30◦). Friction coefficient is µ = 0.25. In the surface shoe Sq ∈ (r = 200 mm,
x = ∓100 mm), in the surface of the disc Sq ∈ (r = 200 mm) the heat convection
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Figure 3. Contact pressure distribution for anticlockwise (rows 1,2),
and clockwise (rows 3,4) disk rotation for different values of the con-
trol parameter q
condition is assumed, and in the surface Sθ ∈ (r = 50 mm) zero temperature is
prescribed. The heat convection condition is also supposed in the whole plane surface.
In view of anti–symmetry of the thermo-mechanical problem (we have two shoes)
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Figure 4. Vertical wear rate distribution for anticlockwise (rows 1,2),
and clockwise (rows 3,4) disk rotations for different values of q
the thermo field must satisfy θ(x, z) = θ(−x,−z) condition, that is in the axis x is
θ(x) = θ(−x), and for displacement field is u(x) = u(−x).
We shall analyze different shoe (Body 1) variants.
1. Material homogeneity for whole body 1, and wear parameters are uniform.
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2. Material homogeneity for whole body 1 and wear parameters are not uniform
(see Example 1).
3. The shoe is made from different materials. In the finite element layer 1-2 in
the interval material −α0 ≤ α ≤ −15, 15 ≤ α ≤ α0 is steel, in the middle
part material is a composite (see Figure 5c). The composite segment is in the
region: −α− ≤ α ≤ α+, R0 ≤ r ≤ R0 + ha. Material parameters are given in
Table 1. The remaining parts of the shoe and disk are made of steel. For the
distribution of wear parameters, see Example 1.
Table 1. Mechanical and thermal parameters of the two materials.
K(i) hc c
(i) αθ · 105 E · 10−5 ν(i) ρ(i)
[W/mK]
[
W/m2K
]
[J/kgK] [1/K] [MPa]
[
kg/m3
]
Mat. 1 steel 55 80 460 1 2 0.3 7800
Mat. 2 composite 5 80 1200 3 1.3 0.25 846
In the case of 1 and 2 calculations the material used was homogeneous (steel), but
wear parameters in variant 2 were not uniform.
a)
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Figure 5. a) Finite element mesh for ring-disk system, b) initial con-
tact pressure distribution (clockwise rotation), c) shoe geometry for
Variant 3
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Using the p-version of the finite element technique for the solution of contact shape
optimization problem (cf. Pa´czelt [11], Pa´czelt and Baksa [12], Pa´czelt and Mro´z [1]),
the stationary pressure distribution is reached for a small gap introduced with respect
to the initial contact shape. The thermal problem is solved by using the upwinding
Petrov-Galerkin formulation [2]. Using this technique the finite element solution does
not exhibit oscillation. The weak variational formulation of mechanical and thermal
problem can induce niggling oscillations, see [2, 4]. The finite element problems were
solved by the p-version finite element technique using polynomial order p = 8.
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Figure 6. Temperature distribution in Body 2 along the radius (r =
R0 = 200 mm) (top row), temperature field in the punch (middle
row), temperature field in the disk for clockwise rotation at angular
velocity ω = 5 rad/s (bottom row) for a) Variant 1 β˜ = const, b)
Variant 2 β˜ 6= const.
In Figure 6 the diagrams for Variants 1 and 2 can be seen. From top to bottom there
are figures for temperature distribution on the disc boundary (r = R0 = 200 mm),
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inside the shoe, and inside the disc. Note that in Variant 2, the pressure is higher
(pn,max = 6.887 MPa) in the middle of the contact domain than in Variant 1 (pn,max =
5.286 MPa), where the line has a little pick form. Also we can see that at the boundary
point (r = 200 mm, x = 100 mm) the temperature is higher than at the leading edge
point (r = 200 mm, x = −100 mm).
The total gap (shape) function is marked by the continuous line in Figure 7.
The temperature distribution is marked by +, the gap without temperature effect
is marked by ◦. The curves (−) and (◦) indicate that the effect of temperature distri-
bution is significant. Heat flux distribution for Variant 1 and 2 is shown in Figure 8.
The difference between the two curves is very small.
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Figure 7. Shape at steady wear state: a) Variant 1, b) Variant 2
Variant 3. Temperature distribution is shown in Figure 9. The optimal normal gap
(Figure 9b) differs from gaps of Variant 2 (see Figure 7b). The elastic Young moduli
are different in the central regions.
−100 −50 0 50 100
0
500
1000
1500
2000
2500
 x [mm]
flu
x[N
/(m
m 
s)]
  
F0=10.0 kN, Heat flux  [N/(mm s)], p=8
Heat flux for  Body 1 (.)
Heat flux for Body 2 (−)
If heat flux .gt. 0, flux go to the body
−100 −50 0 50 100
0
500
1000
1500
2000
2500
 x [mm]
flu
x[N
/(m
m 
s)]
  
F0=10.0 kN, Heat flux  [N/(mm s)], p=8
Heat flux for  Body 1 (.)
Heat flux for Body 2 (−)
If heat flux .gt. 0, flux go to the body
a) b)
Figure 8. Heat fluxes: (a) Variant 1, (b) Variant 2
It is seen in Figure 9c that temperature is well isolated in the two layers, as in
the central part of the region x = 0, 205 ≤ z ≤ 220 the temperature is ∼ 350◦C,
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Figure 9. a) Temperature distribution in the Body 2 along the radius
(r = R0 = 200 mm), b) contact shape in the steady wear state, c)
temperature field in the shoe, d) temperature field in the disk for
clockwise rotation at angular velocity ω = 5 rad/s. Material of the
shoe is inhomogeneous, problem: Variant 3
which approximately is lover by ∼ 90◦C from the maximum ∼ 440◦C. The numerical
analysis demonstrates that high temperature is also within the disc. In the steady
state along the outer radius (r = R0 = 200 mm), the temperature varies by ∼ 25 C◦
in one rotation cycle.
One interesting point here is the heat flux partition between the shoe and the
disc (see Figure 10). Because the disc rotates and its surface is larger than that of
shoe, much heat is transferred from its body to the environment. As the conductivity
coefficient is approximately 11 times smaller for material 2, in the center contact
domain the heat flux is more oriented to the disc than to the shoe. The heat transfer
ratio function has discontinuity in the interface of different materials.
3. Block undergoing rigid body translation and rotation
Referring to Figure 11, consider a block (or punch) B1 resting on a plane substrate
B2. It is loaded by the force F0, also allowed to rotate around the pin O and translate
relative to the substrate along the direction e˜x normal to the contact plane Sc. The
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Figure 10. a) Heat flux for Body 1 and 2,
b) Fluxratio: Ratio = Flux2/F lux1,
c) Flux ratio for the shoe: RatioU = Flux1/qF , (qF = µpnR0ω),
d) Flux ratio for the disk: RatioL = Flux2/qF at clockwise rotation
at angular velocity ω = 5 rad/s. Material of the shoe is heteroge-
neous, problem: Variant 3
position of pin O is fixed in the (x˜, z˜) reference system. The sliding velocity vr of
substrate B2 relative to B1 can be oriented in the rightward or leftward directions. In
the x˜, z˜ system the position of the pin O is (x˜, z˜) = (lx˜, O). In our case the vertical
wear velocity is λ˙F = −λ˙F e˜x, the angular velocity is λ˙M = −λ˙M e˜y, so the rigid body
velocity of the point P on the contact surface Sc is oriented along the vector
eR =
−(λ˙F e˜x + λ˙M e˜y ×∆r)
H
=
−(λ˙F + λ˙M z˜)e˜x − λ˙M lx˜e˜z
H
=
= − cosαe˜x − sinαe˜z , (3.1)
where
H =
√
(λ˙F + λ˙M z˜)2 +
(
λ˙M lx˜
)2
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and α is the angle between the rigid body velocity vector and the normal vector nc
to Sc. If there is no rotation, then α = αmin = 0, eR = eR,λF = nc = −e˜x. If there
is no translation allowed, then α = αmax, eR = eR,λM sinα =
lx˜√
l2
x˜
+z˜2
= sinαmax.
Let us analyze the steady state wear process. We have
χ = α, nc = −e˜x, eτ = e˜z, n˜c = nc ± µeτ (3.2)
where ± signs refer to rightward and leftward sliding velocities. The support condition
of the block B1 require the horizontal displacement of block to vanish at the pin O,
thus wO = 0 at z˜ = 0, x˜ = lx˜ and the vertical displacement at O is specified from
the contact conditions on Sc. The moment of force F0 with respect to O equals
m0 = −F0LF e˜y = −M0e˜y and is equilibrated by the moment of the interface contact
tractions.
Figure 11. Rotating and translating block B1 interacting with sliding
body B2
Starting from (1.11), the contact pressure is expressed as follows:
pn =
 λ˙F · n˜c + (λ˙M ×∆r) · n˜c(
β˜1v
a1
r
)q
C
1−q
q
1 +
(
β˜2v
a2
r
)q
C
1−q
q
2
(1∓ µ tanχ)−q

1
c
=
=
(
λ˙F + λ˙M (z˜ ∓ µlx˜)
Z(q)
) 1
c
Q(α)−q/c , (3.3)
where Z(q) =
(
β˜1v
a1
r
)q
C
1−q
q
1 +
(
β˜2v
a2
r
)q
C
1−q
q
2 , Q(α) = (1∓µ tanα), c = (b+1)q−1.
The force and moment equilibrium conditions provide two equations:
z˜u∫
z˜i
(
λ˙F + λ˙M (z˜ ∓ µlx˜)
Z(q)
) 1
c
Q(α)−q/ctth dz˜ =F0 ,
z˜u∫
z˜i
(
λ˙F + λM (z˜ ∓ µlx˜)
Z(q)
) 1
c
Q(α)−q/c(z ∓ µlx˜)tth dz˜ =M0 ,
(3.4)
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where tth is the block thickness in the lateral direction y. The ∓ signs refer to right-
ward and leftward sliding velocities. The non-linear equations (3.4) provide the values
of Lagrange multipliers λ˙F and λ˙M specifying the rigid body translation and rota-
tion wear velocities. They can be solved by applying the iterative Newton-Raphson
technique.
The steady state regime occurs for q = 1 and then we have c = b, Z(q = 1) =
2∑
i=1
β˜iv
ai
r .
In this case the contact pressure can be given in a simple form:
pn =
λ˙F + λ˙M z˜
Z(q = 1)
=
λ˙F + λ˙M z˜
2∑
i=1
β˜iv
ai
r
, (3.5)
hence, the pressure variation is a linear function of distance from the supporting pin.
Example 3
The bodies in contact are shown in Figure 12 with finite element mesh. The punch
dimension in the horizontal direction is L = 60 mm, its height is h = 100 mm. The
substrate strip is assumed to translate in the left direction, its measures: horizontal
0 ≤ x ≤ 1670, vertical 0 ≤ z ≤ 100 mm. The punch is loaded on the upper boundary
z = 200 mm by the uniform pressure p˜ = 16.66 MPa corresponding to the resultant
vertical force F0 = 10 kN. The thickness of punch and strip is tth = 10 mm. The
pin position is lx˜ = 20 mm. The punch motion in the vertical direction and rotation
is associated with the wear velocity at the contact surface. The punch is assumed
to be made of two materials. The lower punch portion of height 20 mm is character-
ized by the material parameters of Material 2, see Table 1. The upper punch portion is
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Figure 12. a) Finite element mesh, b) part of mesh for p-version
finite element calculation. Load in the border z = 200 is p˜ = 16.66
MPa, pin is located at the point x = 1130 mm, z = 140 mm, (z˜ =
0, x˜ = 40 mm)
44 I. Pa´czelt, Z. Mro´z and A. Baksa
assumed to be made of steel characterized by the parameters of Material 1. It is
supposed that the ambient temperature θa of the surrounding medium is equal to
zero. The coefficient of friction between bodies equals µ = 0.25. On the boundaries
z = 0 and x = 1670 mm the temperature is specified as θa = 0, on the other parts
of the boundary (x ∈ S(i)q , i = 1, 2) the heat flux is specified by the convection rule
between the bodies and the surrounding medium. The contact pressure in the steady
state is deduced from the principle of minimum of wear dissipation power defined by
(3.5).
In order to specify the steady wear state, an infinite length model of strip should
be used for calculation of the temperature field. In fact, for increasing sliding velocity
the length of the strip should also be increased. For solution of this problem infinite
elements must be used instead of adding new elements on the left of finite strip end
[4]. The number of elements in z direction is 7, 8 elements in the x direction in punch
and in the strip at punch on the left and right side 11 and 4 elements.
Assuming a = b = 1, Z(q = 1) = 0.0002, we can calculate the contact pressure
distribution for right and leftward sliding directions.
In this example, problems for different variants of data will also be solved.
1. Variant 1. Wear parameters are uniform, strip is made from Material 1 and for
punch material the parameters are characterized in the interval 100 < z < 120
as Material 2, in the other part as Material 1.
2. Variant 2. Wear parameters are not uniform. In the part of punch 50 ≤ z˜ ≤
60, 0 ≤ z˜ ≤ 10 there is Z1 = Z(q = 1) = 0.0002, and interval 10 ≤ z˜ ≤ 50
there is Z2 = Z(q = 1) = 0.0001, but material parameters are the same as in
Variant 1.
3. Variant 3. Wear parameters are as in Variant 2, and only in the interval
10 ≤ z˜ ≤ 50, 0 ≤ z ≤ 20 are material parameters for Material 2.
4. Variant 4. Material of all bodies is steel, and wear parameters are uniform,
Z = Z1 = const.
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Figure 13. Variant 1: Solution of the const β˜1 for leftward sliding
direction of the strip: a) contact pressure distribution, b) contact
surface gap form in the steady wear state
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For Variant 1 the contact pressure is presented in Figure 13a, and the contact shape
in Figure 13b. The difference between shapes specified neglecting (o) or accounting
for temperature effect (− · −) is remarkable.
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c) 100
1140
Figure 14. Variant 1: Temperature distribution for leftward sliding
direction of the strip, a) in the shoe, b) in the strip, c) on the x− z
plane. The wear parameter is uniform.
The temperature distribution in the contact zone of shoe is shown in Figure 14a,
and in the strip interface z = 100 mm is in Figure 14b. On the right side of the punch
the temperature is practically zero, and on the left side far from punch position
the temperature is very small. (The strip is moving in the left direction). The
punch temperature on the left side is higher than that on the right side. The punch
temperature also varies along direction z. It has a very different form for Variant 4
(see Figure 20b). In Variants 1-3 in the region of material 2 the gradient is very large,
next it decreases to small values.
For Variant 4 the temperature variation is nearly constant. In other cases, material
2 provides a resistive barrier against the temperature transfer (see Figures 17, 19).
Since upwinding Petrov-Galerkin technique was used for the numerical solution, the
specified temperature field does not exhibit any oscillations.
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Figure 15. Variant 2,3: Contact pressure distribution for not uniform
β˜1: a) for leftward sliding direction of the strip, b) for rightward
sliding direction of the strip, fw = Z2/Z1
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Figure 16. Variant 2: Solution of not uniform β˜1 for leftward sliding
direction of the strip: a) contact pressure distribution, b) contact
gap for steady wear state, fw = Z2/Z1 = 0.5
In Figure 15 the theoretically determined distributions of contact pressure for Vari-
ants 2 and 3 are shown for different sliding directions of the strip. Figures 16 and 17
present the collected pressure, wear shape and temperature fields for Variant 2. The
results for Variant 3 are collected in Figures 18 and 19.
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Figure 17. Variant 2: Temperature distribution for leftward sliding
direction of the strip: a) in the shoe, b) in the strip, c) on the plane
x− z. The wear parameter is non uniform, fw = Z2/Z1 = 0.5.
Resulting
Figure 18. Variant 3: Solution for the non-uniform β˜1 and leftward
sliding direction of the strip: contact gap form for steady wear state
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Figure 19. Variant 3: Temperature distribution for leftward sliding
direction of the strip: a) in the shoe, b) in the strip, c) in the plane
x− z. The wear parameter is not uniform, fw = Z2/Z1 = 0.5.
Comparing results of Variants 2 and 3, it is noted that the temperature at the
center of contact zone is a little bit larger for Variant 2 since then on both sides of
the contact zone the material is steel and its coefficient of conductivity is larger. The
initial gap at steady wear state is larger for Variant 3, since then the temperature
distortions smaller relative to Variant 2 (see Figure 16b, Figure 18). Certainly, for
the Variant 4 design (steel is used for all elements) the temperature is lowest relative
to the other variants (see Figure 20).
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Figure 20. Variant 4: Material: steel, wear parameters are homo-
geneous. a) contact gap shape: b) temperature in the shoe (in the
plane x− z), c) temperature in the strip
4. Periodic sliding: wear dissipation in periodic motion and main
pressure in a periodic steady wear state
Consider now the periodic sliding motion, so that the relative displacement satisfies
the condition
uτ (t) = u(t+ T∗) , (4.1)
where T∗ is the period of sliding oscillation. In the steady wear state, the elastic stress
and strain will vary periodically, thus
ε(t) = ε(t+ T∗), σ(t) = σ(t+ T∗). (4.2)
The numerical treatments of oscillating sliding motion by Peigney [13] and Kim
et. al. [14] and the analytical investigation of Goryacheva et. al. [15] indicate the
existence of steady states attained in the wear process.
In this section we shall analyze the wear process induced by the reciprocal strip
translation, assuming β˜1 6= 0, β˜2 = 0, i.e. accounting only for punch wear.
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In [5] the wear parameter β˜1 was supposed to be uniform in the contact zone. In
the present analysis it is assumed that the wear parameter varies along the sliding
x coordinate. We investigate these problems without friction heat generation in the
contact surface. The heat generation was taken into account in [16] at uniform wear
parameters.
During the steady periodic response the wear increment accumulated during one
cycle should be compatible at each point x ∈ Sc with the rigid body punch motion.
In the analysis the contact pressure distribution is assumed to be fixed during a
semi-cycle and varies discontinuously during sliding reversal in consecutive semi-cycles
[5].
The wear dissipation work for periodic motion is
Ew =
1
2
2∑
i=1
T∗/2∫
0
∫
S
(i)
c
tc+i · w˙+i dS
 dτ + 1
2
2∑
i=1
T∗∫
T∗/2
∫
S
(i)
c
tc−i ·
·
w
−
i dS
 dτ (4.3)
where tc+i , t
c−
i are the contact traction vectors and w˙
+
i , w˙
−
i are the wear velocities of
the ith body in the progressive and reciprocal motion direction, T∗ is the period of
sliding motion, T∗ = 2pi/ω and ω is the angular velocity.
The strip slides periodically in the horizontal direction, thus we can write
uτ = −u0 cosωτex = u0 cosωτez˜ . (4.4)
In our case the relative tangential velocity is (see Figure 11):
uτ = u˙
(2)
τ − u˙(1)τ = −u0ω sinωτez˜ = −u0ω sinωτeτ = −vreτ (4.5)
with the corresponding shear stress acting on the body B1 along −eτ The integral
over one period of the relative velocity between the bodies is
T∗/2∫
0
vr dτ =
T∗∫
T∗/2
vr dτ = 2u0 (4.6)
In view of the wear rule (1.1) the wear dissipation for the punch of Figure 12 is
Ew =
1
2
T∗/2∫
0
 ∫
S
(1)
c
p+n w˙
+
1,n dS
 dτ + 1
2
T∗∫
T∗/2
 ∫
S
(1)
c
p−n w˙
−
1,n dS
 dτ (4.7)
and for β˜1 6= 0, β˜2 = 0, a1 = b1 = 1 there is
Ew
2u0
=
∫
S
(1)
c
β˜1
{(
p+n
)2
+
(
p−n
)2}
dS =
E+w
2u0
+
E−w
2u0
. (4.8)
In the steady wear state Ew reaches a minimum value. Let us note that p
+
n and
p−n are not uniformly distributed on the contact interface. Take the coordinate z˜ =
1130− x.
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Assume the rigid body wear velocities for left (−) and right (+) directions of the
substrate sliding motion in the following form:
λ˙
−
F = −λ˙−F ez, λ˙
−
M =
·
λ
−
Mey, λ˙
+
F = −λ˙+Fez, λ˙
+
M = −λ˙+Mey. (4.9)
Thus the velocities at an arbitrary point of punch are
− (λ˙−F − λ˙−M z˜)ez, or − (λ˙+F + λ˙+M z˜)ez. (4.10)
After time integration there is ∆λ+F,M =
T∗/2∫
0
λ˙+F,M dτ,∆λ
−
F,M =
T∗∫
T∗/2
λ˙−F,M dτ
and the displacements resulting from these velocities are
− (∆λ+F + ∆λ+M z˜)ez and − (∆λ−+F + ∆λ−M z˜)ez . (4.11)
Thus, the total wear accumulated during one sliding cycle is
∆wn = ∆w
+
n + ∆w
−
n = (∆λ
+
F + ∆λ
−
F ) + (∆λ
+
M −∆λ−M )z˜ . (4.12)
This value of the wear can be calculated from the wear law supposing β˜1 6= 0,
β˜2 = 0 and a1 = b1 = 1,
∆wn = ∆w
+
n + ∆w
−
n = Uβ˜1(p
+
n + p
−
n ) = Uβ˜1pΣ = 2Uβ˜1pm , (4.13)
where pm = (p
+
n + p
−
n )/2 is the main cyclic pressure, pΣ = (p
+
n + p
−
n ) = 2pm is the
sum of contact pressure, U =
T∗/2∫
0
vr dτ = 2u0.
Comparing (4.12), (4.13), it is seen that the distribution of the modified mean
contact pressure values of consecutive semi-cycles must be a linear function of position,
thus
pmodΣ(z˜) = β˜1(z˜)pΣ(z˜) = β˜1(z˜)2pm(z˜) = β˜1(z˜)2(p
C
m + p
L
mz˜) , (4.14)
i.e.
∆wn = ∆wn(z˜) = ∆w
+
n + ∆w
−
n = (∆λ
+
F + ∆λ
−
F ) + (∆λ
+
M −∆λ−M )z˜ =
= β˜1(z)
T∗/2∫
0
∥∥ .uτ∥∥ dτ2(pCm + pLmz˜) = Uβ˜1(z˜)2(pCm + pLmz˜) =
= Uβ˜1(z˜)pΣ(z˜) = UpmodΣ(z˜) , (4.15)
where ∆λ±F,M is the increment of rigid body wear velocities in the half period time.
Using the equilibrium equations for summed loads, the summed pressure for the
steady wear state is determined for β˜1 = const as
pCm =
F0
Sc
− 3F0(−L+ 2z˜F )
LSc
, pLm =
6F0(−L+ 2z˜F )
L2Sc
, (4.16)
pΣ = 2pm = p
+
n + p
−
n = 2(p
C
m + p
L
mz˜)
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where z˜F is the coordinate of the resultant load F0 = F0(p
˜). For non-negativity of
pm there should be L/2 ≤ z˜F ≤ 2L/3. Here Sc is the area of contact zone.
For β˜1 6= const it turns out that the summed contact pressure is linear but not-
continuous function (see Figure 15), but the modified function pmodΣ(z˜) = β˜1(z˜)pΣ(z˜)
is linear and continuous.
The equilibrium equations are
F0 = tth
L∫
0
pm(z˜)dz˜ , M0 = tth
L∫
0
z˜pm(z˜) dz˜ . (4.17)
In view of Figure 21, where the distribution of mean cyclic contact pressure is
presented, we can write the following algebraic equation system for calculation of the
values pCm, p
L
m [
A11 A12
A21 A22
] [
pCm
pLm
]
=
1
tth
[
F0
M0
]
, (4.18)
where
A11 = z˜1 +
β˜s
β˜m
(z˜4 − z˜1) + z˜5 − z˜4 ,
A12 = A21 =
1
2
[
z˜21 +
β˜s
β˜m
(z˜24 − z˜21) + z˜25 − z˜24
]
,
A22 =
1
3
[
z˜31 +
β˜s
β˜m
(z˜4 − z˜1)(z˜21 + z˜24 + z˜1z˜4) + (z5 − z4)(z˜24 + z˜25 + z˜4z˜5)
]
.
Figure 21. Distribution of the main cyclic pressure, (β˜s/β˜m = 2)
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Here β˜s is the wear parameter for interval 0 ≤ z˜ ≤ z˜1 and z˜4 ≤ z˜ ≤ z˜5. In the
interval z˜1 ≤ z˜ ≤ z˜4 the wear parameter is β˜m.
The wear increment in one period (as was mentioned the contact pressure is fixed
in half period)
∆wn = β˜1
[
p+n + p
−
n
]
(u0ω)
T∗/2∫
0
|sinωτ | dτ = β˜12pm2u0 ,
which using (4.16) provides the simple relation
∆wn = ∆wn(z˜) = 2Uβ˜1(p
C
m + p
L
mz˜) = Uβ˜1(z˜)pΣ(z˜) = UpmodΣ(z˜) . (4.19)
The averaged wear rate in one period
w˙n =
∆wn
T∗
= β˜1
U(p+n + p
−
n )
T∗
=
UpmodΣ
T∗
. (4.20)
If the rigid body wear velocity λ+M = λ
−
M = 0, then in the steady periodic wear
regime the uniform wear increment is accumulated during the full cycle at each point
of the contact zone and the following condition should be satisfied:
β˜1(z˜)(p
+
n (z˜) + p
−
n (z˜)) = β˜1(z˜)2pm(z˜) = β˜1(z˜)pΣ(z˜) = pmodΣ(z˜) = const. (4.21)
The steps of time integration of the wear rate rule can be found in [5].
Example 4
Let us analyze the wear of the punch (Body 1) shown in Figure 12. The following
geometric parameters are assumed: the punch width is L = 60 mm, its height is
h = 100 mm, the thickness of punch and strip is tth = 10 mm.
The wear parameters are: β˜1 = 1.25pi · 10−5, β˜2 = 0, a = b = 1, the coefficient of
friction is µ = 0.25. The horizontal displacement of the substrate is uτ = −u0 cosωτ ,
where u0 = 1.5 mm, ω = 10 rad/s, τ is the time. The material parameters are
presented in Table 1.
The upper parts of the punch and strip are assumed to be made of the same material
(Material 1, see Table 1). The lower punch portion of height 20 mm is characterized
by the parameters of Material 2, see Table 1.
4.1. Symmetric load (Load case 1). Consider a symmetric punch loading on the
upper boundary z = 200 mm at the uniform pressure p˜ = 16.66 MPa corresponding
to the resultant vertical force F0 = 10 kN.
In the intervals 50 ≤ z˜ ≤ 60, 0 ≤ z˜ ≤ 10 the wear parameter β˜10 = β˜1, and interval
10 ≤ z˜ ≤ 50, β˜1m = β˜1/2.
Then the modified summa of contact pressure is
pmod(z˜) =
β1(z˜)pΣ(z˜)
β˜10
if 50 ≤ z˜ ≤ 60, 0 ≤ z˜ ≤ 10
and
pmod(z˜) =
β1(z˜)pΣ(z˜)
β˜1m
if 10 ≤ z˜ ≤ 50 .
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Figure 22. Contact pressure at different time steps
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Figure 23. Shape evolution in the wear process
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Figure 24. Summa of contact pressures in one cycle
In our case the modified summa of contact pressure is pmod(z˜) = 20 MPa. In fact,
we have from (4.18) (pCm = p0/2)
2p˜ L = 2p˜ 60 = p010 + p040 · 2 + p010 = p0100 , p0 = 1.2p˜ = pmod(z˜) .
In the steady wear state this relation must be preserved in each period. In this
case, Body 1 translates in the vertical direction at the constant velocity λ˙F . The
numerical solution follows this theoretical result (see Figures 22–25). Here n is the
number of half periods. It is clear that after n ≥ 14000 the steady cyclic wear state is
reached, the functions of sum of contact pressures (Figure 24) and the modified sum
of contact pressures (Figure 25) are fixed in time.
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Figure 25. Modified sum of contact pressures in one cycle
4.2. Non-symmetric load (Load case 2). Let us now analyze the case of eccentric
load when the resultant vertical force is F = 10 kN. The pressure p˜ = 20 MPa is
applied in the interval 10 ≤ z˜ ≤ 60. The resultant position coordinate is z˜F = 35 mm.
Solving (4.18) we find pCm = 3.572 MPa, p
L
m = 0.2143 MPa/mm.
The numerical analysis results are shown in Figures 26-29. They demonstrate a
good approximation of the theoretical values of the modified summed contact pressure.
The maximum of difference is smaller than 5 % (see Figure 29).
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Figure 26. Shape evolution in the wear process
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Figure 27. Contact pressure at different time steps
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Figure 28. Summa of contact pressures in one cycle
At the interface of different material the stress state exhibits a singularity, which
is manifested by a discontinuity of the contact stresses (see Figures 27-29).
5. Steady state conditions for periodic loading
Consider now the steady state wear problem for the case of a punch sliding monoton-
ically on a flat substrate and subjected to periodic normal loading. The steady state
conditions at each point of the contact zone are now expressed as follows:
uτ (t) = uτ (t+ T∗), σ(t) = σ(t+ T∗), ε(t) = ε(t+ T∗) , (5.1)
where T∗ is the period of loading, σ and ε are the stress and the strain fields. The re-
lated cyclic wear increment accumulated during one cycle is assumed to be compatible
with the rigid body wear motion of punch, thus
wn(x, t+ T∗)− wn(x, t) = ∆wn(x, T∗) = (∆λF + ∆λM ×∆r) · nc , (5.2)
where ∆λF and ∆λM are the translational and rotational cyclic wear increments.
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Figure 29. Modified sum of contact pressures in one cycle
For the simplification of calculations of the relative velocity between the bodies it
is assumed that
u˙τ = u˙
(2)
R,τ − u˙(1)R,τ = u˙R,τ = −‖u˙τ‖eτ1 = −vreτ1 = −vrex (5.3)
since the elastic and wear relative velocities are very small as compared to specified
rigid body velocities u˙
(1)
R,τ and u˙
(2)
R,τ generating the sliding regime
‖u˙e,τ‖ =
∥∥∥u˙(2)e,τ − u˙(1)e,τ + w˙2,τ − w˙1,τ∥∥∥ ‖u˙R,τ‖ = ∥∥∥u˙(2)R,τ − u˙(1)R,τ∥∥∥ . (5.4)
The substrate is assumed to slide monotonically in the leftward direction. The analysis
presented pertains to the case when wear of punch or combined wear of punch and
substrate occurs. Then the cyclic wear increment at the contact is controlled by the
rigid body motion of one of the contacting bodies. The contact shape evolution during
consecutive cycles assures stress and strain periodicity.
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Figure 30. Mesh of punch constrained at O and of central part of
the strip. Rigid body wear velocity λR. Strip is moving in leftward
direction.
To simplify the analysis, only the case of punch wear is considered and the wear
parameters are β˜1 6= 0, β˜2 = 0, a = b = 1. In paper [6] it was supposed that wear
parameters are uniform. In the following it is assumed that wear parameters are
non-uniform.
Consider the periodic loading applied to punch B1 in the direction −ez. (see
Figure 30). The resultant vertical load is now expressed as
F = −Fez = F = F0 + FA |sinωτ | > 0 , (5.5)
where F0 is the constant load, FA and ω are the load amplitude and frequency. In
view of the constraint at O, the load generates the resulting moment My0 with respect
to the y axis. The period of loading is T∗ = 2pi/ω.
The loading on the upper punch boundary by uniform pressure p˜ is applied with
the resulting load F . Referring to Figure 30, it is assumed that during the wear
process the punch is allowed to translate in the normal contact direction and rotate
around the constraining pin O.
The average load value in one cycle is
F =
1
T∗
T∗∫
0
F dτ = F0 +
2
pi
FA . (5.6)
The integrated wear velocity at the position x of the contact zone in one loading
period is
∆λF,M (x) =
T∗∫
0
·
λF,M (x, τ) dτ (5.7)
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and the average wear velocity field is expressed as follows
−
λ˙F,M (x) =
∆λF,M
T∗
=
1
T∗
T∗∫
0
λ˙F,M (x, τ) dτ . (5.8)
The cyclic wear increment for the punch allowed to translate in the normal contact
direction is
∆w1,n(x) =
T∗∫
0
β˜1(x)pn(x, τ)vr dτ = β˜1(x)vr
T∗∫
0
pn(x, τ) dτ (5.9)
and the average value in one period is
∆w1,n(x) =
∆w1,n(x)
T∗
= β˜1(x)vr
T∗∫
0
pn(x, τ) dτ
T∗
. (5.10)
The wear volume in one period equals
∆W =
∫
Sc
∆w1,n(x) dS =
∫
Sc
T∗∫
0
β˜1(x)pn(x, τ)vr dτ dS =
vr
T∗∫
0
∫
Sc
β˜1(x)pn(x, τ) dS dτ = vr
T∗∫
0
Fβ(τ) dτ (5.11)
since from the equilibrium equation it follows that
∫
Sc
β˜1(x)pn(x, τ) dS = Fβ(τ) and
the average wear volume increment is
∆W =
∆W
T∗
=
vr
T∗
T∗∫
0
Fβ(τ) dτ = vrF β . (5.12)
It is seen that ∆W is explicitly related to the average modified load value F β . The
contact traction vector in our case is expressed as tc = tc1 = −tc2 = pnez − µpnex,
the wear velocity vectors are
w˙R = w˙2 − ·w1, w˙i = (−1)i [−w˙i,nez + w˙i,τex] , i = 1, 2,
since the relative velocity is
u˙τ = u˙x = u˙2,x − u˙1,x = −vreτ1 = −vrex
and w˙i,τ = w˙i,n tanχ, [6]. The punch width is equal to L. The thickness of two
bodies is tth, so the contact zone area equals Sc = tth L. The position of the pin O in
the vertical direction is denoted by lx˜ (see Figure 30). Let z˜ = 1130− x denote the
typical contact point position relative to the right perimeter of contact zone.
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Let us define the wear dissipation in one cycle of sliding motion
Ew =
1
2
T∗∫
0
∫
Sc
tc1 · w˙1 dS
 dτ (5.13)
and the equilibrium equations for the punch
F −
∫
Sc
pn dS = 0 , (5.14)
M −
∫
Sc
pn [z˜ + µlx˜] dS = 0
where z˜F is the position coordinate of the resultant load F .
The steady state conditions will be determined by minimizing the average wear dis-
sipation in one cycle subject to punch equilibrium equations (5.14). The Lagrangian
averaged functional is now expressed as follows
Lw =
Ew
T∗
− 1
T∗
T∗∫
0
λ˙F (
∫
Sc
pn dS − F ) dτ − (5.15)
1
T∗
T∗∫
0
λ˙M

∫
Sc
pn [z˜ + µlx˜] dS −M
 dτ
where in view of (5.13), there is
Ew =
1
2
T∗∫
0
∫
Sc
β˜1vr (pn)
2 {1 + µ tanχ} dS dτ (5.16)
and χ is the orientation angle of the wear velocity vector relative to the normal contact
vector, thus tanχ = λ˙M lx˜
λ˙F+λ˙M z˜
, because
w˙R = −w˙1, ·w1 = −
[
λ˙F +
·
λM z˜
]
ez − λ˙M lx˜ex, eR = w˙R‖w˙R‖
(see Figure 30).
The Lagrangian multipliers represent the rigid body wear velocity components.
Considering the variation of (5.15) and (5.16), the following expression is obtained:
δLw =
1
T∗
T∗∫
0
∫
Sc
{
β˜1vrpn {1 + µ tanχ} − λ˙F − λ˙M (z˜ + µlx˜)
}
δpn dS dτ−
− 1
T∗
T∗∫
0
δλ˙F (
∫
Sc
pn dS − F ) dτ − 1
T∗
T∗∫
0
δλ˙M (
∫
Sc
(z˜ + µlx˜)pn dS −M) dτ = 0 . (5.17)
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Since the variations of contact pressure and of the rigid body wear velocity are
arbitrary, the relative velocity vr is independent of time and can be written
δLw =
∫
Sc
{
β˜1vrpn {1 + µ tanχ} − λ˙F − λ˙M (z˜ + µlx˜)
}
δpn dS−
− δλ˙F (
∫
Sc
pn dS − F )− δλ˙M (
∫
Sc
(z˜ + µlx˜)pn dS −M) = 0 . (5.18)
First, we determine the contact average pressure related to wear velocity compo-
nents
pn =
λ˙F + λ˙M z˜
β˜1vr
(5.19)
and then from the equilibrium equations for average states we have∫
Sc
pn dS − F = 0,
∫
Sc
(z˜ + µlx˜)pn dS −M = 0 , (5.20)
where F is calculated from (5.6). From (5.19) it follows that modified contact pressure
β˜1(z˜)pn(z˜) is a linear function of the z˜, but the pressure at different positions in the
contact zone, where the wear parameter is constant: β˜1(z˜) = β˜s or β˜1(z˜) = β˜m is also
linear, with differing inclination (see Figure 31).
Figure 31. Average contact pressure distribution in the contact zone
When the wear parameters vary along the contact domain, then referring to Fig-
ure 31, the following system of algebraic equations for average rigid wear velocities is
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used: [
B11 B12
B21 B22
] [
λ˙F
λ˙M
]
=
1
tth
[
F
M
]
β˜svr (5.21)
where
B11 = z˜1 +
β˜s
β˜m
(z˜4 − z˜1) + z˜5 − z˜4 , B12 = 1
2
[
z˜21 +
β˜s
β˜m
(z˜24 − z˜21) + z˜25 − z˜24
]
,
B21 = B12 + µlx˜B11 , B22 =
1
3
[
z˜31 +
β˜s
β˜m
(z˜34 − z˜31) + z˜35 − z˜34
]
+ µlx˜B12 .
Solving (5.21), the contact pressures are expressed by the relations
pn =
λ˙F + λ˙M z˜
β˜svr
if 0 ≤ z˜ ≤ z˜1, z˜4 ≤ z˜ ≤ z˜5 ;
pn =
λ˙F + λ˙M z˜
β˜mvr
if z˜1 ≤ z˜ ≤ z˜4 .
(5.22)
The average rigid body wear velocities for the case of uniform wear parameter
β˜1(z˜) = const are expressed in the form
λ˙F = β˜1vr
F
Sc
[
1− 6
L
(zF − L
2
− µlx˜)
]
, λ˙M = β˜1vr
F
Sc
12
L2
(zF − L
2
− µlx˜) (5.23)
and the average contact pressure distribution is
pn =
F
Sc
{
1 +
(
− 6
L
+
12
L2
z˜
)
(zF − L
2
− µlx˜)
}
. (5.24)
The analysis presented referred to the specific problem of a plane punch sliding
on a flat substrate. However, the method can be applied to any case of the relative
sliding of two bodies for periodically varying normal load. We can therefore make a
general statement.
Theorem. For the cases of periodic normal loading and monotonic relative sliding
between two bodies, the average contact wear form and pressure distribution can be
specified in terms of the average load from the minimization of the wear dissipation
power in one period.
Remark 1: If the punch is not allowed for rigid body rotation (λ˙M = 0, lx˜ = 0,
z˜F = L/2), and wear parameters are uniform, then
pn = F/Sc, Sc = tthz˜5 = tthL .
If wear parameters are not uniform then λ˙F =
F
tthB11
β˜svr. The contact pressure then
is
pn =
F
tthB11
if 0 ≤ z˜ ≤ z˜1, z˜4 ≤ z˜ ≤ z˜5 and pn =
F
tthB11
β˜s
β˜m
if z˜1 ≤ z˜ ≤ z˜4 .
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Remark 2: When the relative sliding velocity depends on time (for instance varies pe-
riodically), then in variational equations (5.17) and (5.18) the term 1T∗
∫ T∗
0
vrpn dτ =
vrpn = vrpn+
1
T∗
T∗∫
0
v˜rp˜n dτ , where v˜r and p˜n are the fluctuation values, so the result
for the average contact pressure (5.22) will only be approximate.
6. Concluding remarks
The present paper also demonstrated that the minimum of the wear dissipation power
at q = 1 gives the pressure distribution of the steady wear state at arbitrary wear
parameters. When the heat generation on the contact surface is accounted for, the
contact pressure is the same as in the case when the heat generation is neglected, but
the steady wear contact shape is totally different.
In the case of periodic sliding, the modified sum of contact pressures is determined
and used to specify the accumulated wear, with no need for time integration of the
wear rule.
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Abstract. The purpose of the present paper is to determine the Green function matrix of
some simple rod structures for the extended Trefftz’s method. An interesting proof is given
for the sum of a well-known series.
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1. Introduction
The estimation of natural frequencies for elastic continuous beam structures is possible
in several ways, for example with the method of Trefftz. The application of this
procedure essentially leads to the explicit construction of the Green function matrix.
Usually a lot of work is needed to determine the elements of the Green function matrix.
Nowadays, the application of some software – Maple, Matematica, Derive, etc. – can
help us to solve this problem. Our goal is to show the construction of the elements of
the Green function matrix in the case of a simple frame structure. In connection with
our example we are going to deal with the sum of a well-known series. We remark
that the concept of the Green function matrices using a bit different approach can be
attributed to G. Oba´dovics and G. Szeidl [1–3].
2. Summary of an extension of Trefftz’s method
Consider the interval [a, b] = {t ∈ < : a ≤ t ≤ b a, b ∈ <} denote the set of all
Lebesgue integrable n-vector functions with real-valued coordinates by L2(a, b) where
< is the set of all real numbers. If x,y ∈ L2(a, b) are n-vector functions with the
property that the product yTx is integrable, then
〈x,y〉 =
∫ b
a
y(t)
T
x(t) dt (1)
is the inner product. If A is an invertible differential operator then, on the basis of
[4], its inversion is given by the formula
c©2020 Miskolc University Press
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x(t) = (A−1y)(t) =
∫ b
a
G(t, s)y(s) ds . (2)
Its kernel is the function matrix G(t, s), which we can find by using
(Ax)(t) =
∫ b
a
(AG)(t, s)y(s)ds = y(t) . (3)
According to [4] and (3) we have the following equations:
AG = δA , MG = 0 , (4)
where the boundary conditions are given by the relation M ξ = 0, δA = δE, while E
is a unit matrix and δ is Dirac’s distribution [5].
LetA−1 be a real symmetric positive compact self-adjoint operator. Then G(t, s) =
G(s, t), ∀t, s ∈ [a, b] and the eigenvalues λi of A−1 are all real and nonnegative.
Moreover we have [4, 5] ∫ b
a
SpurG(t, t)dt =
∑
k
λ k (5)
and if j ≤ k then, according to Trefftz [6] and (5) we obtain an estimation of the jth
eigenvalue
λ
j
≤ µ
j
+
∫ b
a
SpurG(t, t)dt−
k∑
i=1
µ
i
:= ν j (6)
in which µ
j
is a lower bound for the jth eigenvalue. Equation (6) is a new extension
of Trefftz’s method - see equation (3.5) in [4] for further details.
3. A simple beam structure
Let us consider the bending vibrations of a simply supported uniform beam divided
mentally into two parts (Figure 1).
1
x1
1
x 2
v
1 v2
Figure 1. Simply supported beam
If x1, x2 ∈ [0, 1] then the boundary value problem [7] is
Av − α2Bv = 0 (7)
where
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v =
[
v1(x1)
v2(x2)
]
, Av =
[
d4·
dx41
0
0 d
4·
dx42
] [
v1(x1)
v2(x2)
]
, Bv =
q2
p2
[
v1(x1)
v2(x2)
]
, (8)
α is the natural circular frequency, while p and q depend on the material and geomet-
rical parameters of the beam. Equation (7) is associated with the following boundary
conditions:
v1(0) =
d2v1
dx21
(0) = v2(1) =
d2v2
dx22
(1) = 0 , v1(1) = v2(0) ,
dv1
dx1
(1) =
dv2
dx2
(0) ,
d2v1
dx21
(1) =
d2v2
dx22
(0) ,
d3v1
dx31
(1) =
d3v2
dx32
(0) .
(9)
The operator A is self-adjoint. This statement is a consequence of the transformation
〈Au,v〉 =
∫ 1
0
[
d4u1(x)
dx4
d4u2(x)
dx4
]T [
v1(x)
v2(x)
]
dx =
=
∫ 1
0
[
v1(x)
d4u1(x)
dx4
+ v2(x)
d4u2(x)
dx4
]
dx =
= [ · · · ] 10 +
∫ 1
0
[
u1(x)
d4v1(x)
dx4
+ u2(x)
d4v2(x)
dx4
]
dx =
=
∫ 1
0
[
u1(x) u2(x)
]T  d
4v1(x)
dx4
d4v2(x)
dx4
dx = 〈u,Av〉 ∀u,v ∈ L2(0, 1)
in which [ · · · ] 10 = 0 due to the boundary conditions.
According to (4) we have the following equations:
d4Gii(x, t)
dx4
= δ(x− t) , i = 1, 2 ,
d4Gij(x, t)
dx4
= 0 i, j = 1, 2 ∧ i 6= j .
(10)
After solving differential equations (10) the elements of the Green function matrix for
the beam shown in Figure 1 are given by
Gii(x, t) = H(x− t)
∫ x
t
∫ u
t
(s− t)dsdu+
+
x3
6
β1ii(t) +
x2
2
β2ii(t) + xβ
3
ii(t) + β
4
ii(t) , i = 1, 2
and
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Gij(x, t) =
x3
6
β1ij(t) +
x2
2
β2ij(t) + xβ
3
ij(t) + β
4
ij(t) , i, j = 1, 2 ∧ i 6= j
where H is Heaviside’s distribution and the functions βkij are to be determined by
using the boundary conditions [5, 7].
Since A−1 is also self-adjoint, it can easily be seen that G12(x, t) = G2,1(x, t) since
G12(x, t) =
1
12
x
(
(t3 − 3t2 + (x2 − 1)t− x2 + 3)
and
G21(x, t) =
1
12
t
(
x3 − 3x2 + (t2 − 1)x− t2 + 3) .
It should be noted that
G11(x, t) = H(x− t)
∫ x
t
∫ u
t
(s− t)dsdu + 1
12
x3(t− 2) + 1
12
xt(t2 − 6t + 8) , (11)
G22(x, t) = H(x− t)
∫ x
t
∫ u
t
(s− t)dsdu + 1
12
x3(t− 1) + 1
4
x2(t− 1)+
+
1
12
xt(t2 − 3t+ 2) + 1
12
(t3 − 3t2 + 2) . (12)
Making use of (11) and (12) we can get for (5) that
∫ 1
0
SpurG(x, x)dx =
∫ 1
0
G11(x, x)dx +
∫ 1
0
G22(x, x)dx =
8
45
. (13)
Consequently, there is no further objection to our applying Trefftz’s method in this
simple example, because the estimation (6) can now be easily used. To proceed we
determine the Green function [G(x, t) x, t ∈ [0, 2] of the simply supported uniform
beam:
G(x, t) = H(x− t)
∫ x
t
∫ u
t
(s− t)dsdu + 1
12
x3(t− 2) + 1
12
xt(t2 − 6t + 8) .
Since G(x, t) = G11(x, t) we shall also find that
∫ 2
0
G(x, x)dx =
8
45
.
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4. The sum of a well-known series
Solving the frequency equation of the simply supported uniform beam shown in Figure
1, natural circular frequencies can given by the equation
αn =
n2pi2p
4q
(14)
where n is an integer[3, 8]. Setting p and q to one, the sum of the series
∑
n
1/n4 is
obtained from (5):
∑
n
λn =
∑
n
1
α2n
=
∑
n
16
n4pi4
=
16
pi4
∑
n
1
n4
=
8
45
=
∫ 1
0
SpurG(x, x)dx
thus
∑
n
1
n4
=
pi4
90
. (15)
5. Concluding remarks
The purpose of the above discussion has been to show the determination of the Green
function matrix for a simple beam structure. With the procedure shown above we can
use estimation (6) in similar structures. In addition, we have obtained an interesting
proof for the sum of the series (15).
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